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• We analyze the size distribution of Chinese and Indian cities for 1950–2010.
• We consider lognormal, Pareto, and general Pareto distributions.
• Lognormal characterizes both country’s city size distribution in the early periods.
• Pareto represents the Chinese city size distribution in 2010.
• Indian size distribution in 2000 and 2010 follows Zipf.
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a b s t r a c t
We examine the distributions of Chinese and Indian city sizes for seven decades (1950s to 2010s) using
lognormal, Pareto, and general Pareto distributions.We ascertainwhich distribution fits the data and how
the city size distributions change during these periods. The Chinese city size distribution is represented
by lognormal in the early periods (1950–1990) and by Pareto in 2010, but is not characterized by Zipf,
which could be attributed to Chinese government’s restrictions of migration from rural to urban areas
and the one-child policy. In contrast, the Indian city size distribution transitions from lognormal in the
earlier periods to Zipf in the later periods.
© 2014 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/).1. Introduction
Zipf (1949) observed that Indian city sizes, as far back as 1911,
followed a power law distribution, i.e., that the sizes of larger
cities are inversely proportional to their ranks. Since this early
work, many studies have observed this empirical regularity span-
ning several countries and time periods (Rosen and Resnick, 1980;
Ioannides and Overman, 2003; Anderson and Ge, 2005). In partic-
ular, studies that considered the 135 largest cities in the United
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Gabaix, 1999).
In this study, we consider size distribution of cities in the two
most populous countries: China and India. Specifically, we exam-
ine the distribution of upper-tail cities for every decade between
1950 and 2010. Our results show for these largest cities, Zipf’s law
does not hold for China for all decades; however, for the last two
decades (2000 and 2010), the size distribution is close to, but not
quite, Zipf. The reason for this result could be that since 1950 China
restricted population mobility from rural to urban areas through
the Hukou system, but relaxed these policies on a limited basis in
recent decades after the economic reforms in 1978. Zipf’s law also
does not apply for India for the early decades (1950–1990) because
le under the CC BY license (http://creativecommons.org/licenses/by/3.0/).
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tives to move to urban areas. However, for the recent two decades
(2000 and 2010) Zipf’s law holds because increased mobility of
workers from rural to urban areas due to economic reforms.
2. Methodology
We use lognormal, Pareto, and general Pareto distributions to
estimate city size distributions for China and India and highlight
the distribution that fits the data best. We apply maximum likeli-
hood to estimate the parameters of these distributions and ascer-
tain the fit using the Kolmogorov–Smirnov (KS) test, mean squared
error, and Zipf plots which graph log of rank in the vertical axis and
log of the city size in the horizontal axis. We also employ the La-
grangian multiplier test developed by Urzúa (2000) to determine
whether the city size follows Zipf’s Law. Using these approaches,
we evaluate the historical evolutions in the city size distributions
for these two countries.
2.1. Lognormal distribution
The joint lognormal PDF1 for n i.i.d. samples of x is
f L (x1, . . . , xn;µ, σ) =
n
i=1
1
xiσ (2π)1/2
exp

− (log xi − µ)
2
2σ 2

,
and the joint log likelihood is
LL (µ, σ |x1, . . . , xn) = −
n
i=1
log xi − n2 log (2π)
− n
2
log

σ 2
− 1
2σ 2
n
i=1
(log xi − µ)2.
Optimizing this function with respect to µ and σ , we obtain
µˆ =
n
i=1
log xi
n
and σˆ 2 =
n
i=1

log xi − µˆ
2
n
,
which can be estimated using the sample data for x. By substituting
these estimates into the inverted lognormal CDF xˆL = expσˆ21/2
erf−1 (2F(x)− 1) + µˆ, where erf (·) is the error function, we can
predict city sizes.
2.2. Pareto distribution
The joint Pareto PDF for n i.i.d. samples of x is
f P (x1, . . . , xn−1; xm, α) = (α)n−1

xαm
n−1 n−1
i=1
1
xα+1i
,
xi ≥ xm, xm > 0, α > 0,
with the joint log-likelihood
LP (xm, α|x1, . . . , xn−1)
= (n− 1) lnα + (n− 1) α ln xm − (α + 1)
n−1
i=1
ln (xi) .
Noting that xˆm = min(x), this function is optimized to obtain the
Hill estimator of α,
αˆ = n− 1
n−1
i=1
ln (xi)− (n− 1) ln xˆm
.
1 Stanley et al. (1995) have applied the lognormal to study the size distribution
of firms.Substitute the estimates αˆ and xˆm into the inverted Pareto CDF
xˆP = xˆm (1− F(x))−1/αˆ to predict the city size. Observe that when
α = 1, we get the familiar Zipf distribution.
2.3. General Pareto distribution
For n i.i.d. samples of x, the joint general Pareto density is
f GP (x1, . . . , xn−1|φ, θ, xm) =
n−1
i=1
φ
θ

1+ xi − xm
θ
−(φ+1)
,
xi ≥ xm, xm > 0, and φ > 0.
Note that when θ = xm, the general Pareto distribution becomes
the Pareto distribution; thus the former nests the latter. The
corresponding joint log-likelihood is
LGP (φ, θ, xm|x1, . . . , xn−1) = (n− 1) ln (φ)− (n− 1) ln (θ)
− (φ + 1)
n−1
i=1
ln

1+ xi − xm
θ

.
Since the optimization of this function does not yield an analytical
solution, we numerically estimate the parameters φˆ and θˆ .
Substituting these estimates into the inverted general Pareto CDF
xˆGP = θˆ (1− F(x))−
1
φˆ + xˆm − θˆ , we can predict the city sizes.
With θ = xm and φ = 1, the general Pareto turns into the Zipf
distribution. Consequently, we can test the null hypothesis θ = xm
and φ = 1 using the Lagrange multiplier (LM) test as highlighted
by Urzúa (2000):
LM = 4n z21 + 6z1z2 + 12z22 a∼χ22
where z1 = 1− 1n
n
i=1 ln
xi
xm
and z2 = 12 − 1n
n
i=1
xm
xi
.
Finally, we use the predicted values (xˆL, xˆP , and xˆGP ) from each
of the above three distributions and compare them to actual values
to ascertain the fit of the distributions using KS statistics, mean
squared errors (MSE), and Zipf plots.
3. Analysis and results
We collected population of cities for China and India for each
decade from 1950 to 2010 (United Nations, 2011). This data con-
tains cities that had an urban agglomeration population of 750,000
inhabitants or more in 2011, and each decade has the same sample
of cities. The number of cities for China is 142 and for India is 58.
Tables 1 and 2 present the estimated parameters, KS statistics,
MSEs of the log of the actual and predicted values, and Lagrange
multiplier test for China and India, respectively. Figs. 1 and 2 il-
lustrate Zipf plots of actual and predicted values of the three dis-
tributions for the sample cities in these countries. For China, the
mean of the lognormal distribution increases over the decades, in-
dicating the population growth in cities. In contrast, the variance
tends to decline over the period, implying the population differ-
ences among cities are narrowing, which indicates greater mobil-
ity of people in recent years, stemming from the economic reforms.
Based on the KS statistics, the lognormal distribution statistically
fits the data for the Chinese city sizes for the decades from 1950 to
1990, which are below the 5% critical value of 0.11. But, for the re-
cent two decades (2000 and 2010), the lognormal distribution does
not perform well. These results are also corroborated by theMSEs
and Zipf plots (Fig. 1(a)–(g)). Our findings are consistent with the
results reported by Anderson and Ge (2005).
The population dynamics and city size distribution in China can
be attributed to Chinese government policies regarding mobility
of workers. Since the 1950s, the Chinese government maintained
a household registration record, known as Hukou (Wang, 2008).
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Distribution parameterization for China.
Year Lognormal Pareto General Pareto
µˆ σˆ 2 KSa MSE xˆmin αˆP KSa MSE xˆmin φˆ θˆ KSa MSE LMb
1950 11.65 2.01 0.10 0.10 3000 0.26 0.35 6.15 3000 2.13 330,007 0.09 0.08 1424.38
1960 12.11 1.69 0.08 0.04 7000 0.30 0.34 4.20 7000 2.16 477,291 0.08 0.03 902.75
1970 12.47 1.27 0.06 0.01 17000 0.36 0.32 2.69 17000 2.18 616,071 0.09 0.03 445.20
1980 12.82 0.97 0.06 0.01 39000 0.44 0.29 1.61 39000 1.95 659,737 0.10 0.04 223.63
1990 13.23 0.75 0.07 0.01 76000 0.50 0.29 1.24 76000 1.90 860,437 0.14 0.07 167.23
2000 13.92 0.53 0.17 0.06 440000 1.07 0.13 0.05 440000 1.64 897,474 0.09 0.01 9.05
2010 14.26 0.54 0.16 0.07 727000 1.30 0.06 0.01 727000 1.22 649,841 0.06 0.01 8.61
a 5% critical value is 0.11.
b The 5% critical values for sample size of 142 is about 4.57 as given in Table 1 of Urzúa (2000).Table 2
Distribution parameterization for India.
Year Lognormal Pareto General Pareto
µˆ σˆ 2 KSa MSE xˆmin αˆP KSa MSE xˆmin φˆ θˆ KSa MSE LMb
1950 12.29 1.08 0.12 0.03 16,000 0.38 0.32 2.27 16,000 2.90 735,665 0.13 0.06 152.95
1960 12.68 0.83 0.13 0.05 36,000 0.45 0.32 1.42 36,000 2.36 735,811 0.14 0.10 88.20
1970 13.08 0.72 0.17 0.06 98,000 0.62 0.28 0.47 98,000 1.90 690,254 0.15 0.06 40.57
1980 13.48 0.66 0.18 0.08 209,000 0.80 0.22 0.16 209,000 1.54 650,964 0.14 0.04 18.07
1990 13.83 0.64 0.23 0.09 299,000 0.81 0.25 0.16 299,000 1.22 625,210 0.20 0.06 18.84
2000 14.12 0.64 0.20 0.10 523,000 1.03 0.14 0.03 523,000 1.06 551,980 0.14 0.02 3.29
2010 14.37 0.65 0.20 0.12 746,000 1.16 0.12 0.01 746,000 1.03 600,111 0.13 0.02 1.42
a 5% critical value is 0.18.
b The 5% critical values for sample size of 58 is about 4.49 Table 1 of Urzúa (2000).This recording system registers detailed information of a person
including name, date of birth, parents, and residential area (Pines
et al., 1998). This record keeping was extensively utilized not
only for identification, but also to control population mobility,
particularly from rural to urban areas to ensure structural stability
(Macleod, 2001). As a result, between the 1950s and 1970s, China
was primarily a rural economy with about 83% of the population
inhabiting in agrarian communities, and urban migration was
stagnant with only 17% of the population residing in urban areas.
Consequently, government regulation prevented cities from their
natural growth, defying Gibrat’s Law of proportionate growth of
cities. These underpinnings are reflected by our findings that the
Chinese city size in the earlier periods did not follow Zipf’s law,
rather adhered to lognormal.
Performance of the Pareto distribution is a reversal of that of
lognormal (refer to Table 1), in that it fits the Chinese city size data
poorly from1950 to 1990 andpredicts better for the recent decades
(2000 and 2010). The KS statistics are significantly above the crit-
ical values for the periods 1950–1990, but well below the critical
value in 2010. These results are also supported by the MSEs and
Zipf plots (Fig. 1(a)–(g)). For the decades 1950–1990, the estimate
of the Pareto exponent iswell belowone, ranging from0.26 to 0.50.
But in the last two decades the Pareto exponent approaches one,
but never becomes Zipf based on the LM statistics presented be-
low. These results for the last two decades could be, as elaborated
below, indicative of Chinese economic reforms which allowed for
migration from rural to urban areas.
The general Pareto spans the lognormal in the early decades
and Pareto distribution in more recent decades. The results show
that the general Pareto fits the city size distribution in China more
accurately for all seven decades, as reflected by the KS statistics
which are below the 5% critical value (except for 1990), the small
MSEs, and the Zipf plots (Fig. 1(a)–(g)). The results of the Lagrange
multiplier test shows that Zipf’s law is strongly rejected for every
decade at the 5% significant level of 4.57, even though the values of
the LM statistics tend to decrease steadily from 1950 to 2010. This
result and the plots demonstrate that the city size distribution is
approaching Zipf’s law, but does not quite reach Zipf yet.
In the late 1970s the Chinese government implemented two
major policies: economic reforms in 1978 and a population con-
trol policy of one child per family in 1979. The first policy was toaugment the economic growth to alleviate poverty, and the second
policy was to improve social, economic, and environmental prob-
lems. The economic reform spurred growth in industrial areas and
increased demand for workers in urban cities. The government, re-
alizing the Hukou registry is an impediment to economic develop-
ment and importance of labor in manufacturing sectors, began to
gradually, but not completely, relax the migration restriction from
villages to cities (Wang, 2008). Thus, migration to urban areas took
its roots originating from the economic reforms in the late 1970s.
Since this policy was not fully liberalized, the city size did not fol-
low Zipf (or even Pareto) in the early part of the reform in 1980s
and 1990s.
The one-child policy was not followed uniformly and hadmany
exemptions. One such exemption was to allow rural families to
have a second child if the first child is a girl. However, this policy
was effectively followed in urban cities with a high compliance
rate. Li (1995) found that in urban cities 91% of the mothers had
only one child, whereas in rural areas only 59% of mothers had one
child because of greater resistance to this policy. Consequently, the
fertility ratio was 2.4 for all of China but only 1.3 for urban areas
(Snyder, 2000). Thus, policy could havepreventedurban cities from
following its natural growth process and becoming Pareto in the
1980s and 1990s.
But as the economic reform and development accelerated, the
government further relaxed the Hukou system in the mid-1990s
and early 2000s and urban migration also gathered momentum.
As a result, the growth process of cities tend to progress, albeit
slowly, toward its natural process in recent years. Consequently,
more than 50% of the population is living in urban areas since 2011
(TheWorld Bank, 2014). Our empirical findings indeed underscore
this change as evident from the city size distribution converging
toward Pareto in the recent two decades (2000 and 2010). But, it
has not become Zipf because the one-child policy likely slowed
the natural growth process. During the third plenary session of
the 18th Central Committee in 2013, Chinese Premier Li Keqiang
put forth policy for a major overhaul of Hukou to further augment
urban growth (Marshall, 2013). In addition, the one-child policy
is also being relaxed. The revisions of these two policies will
accelerate migration to urban areas which will cause the upper-
tail city size distribution to continue to converge to Zipf.
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Fig. 1. Chinese population distributions.The estimated results for India reveal that the city size distri-
bution is lognormal (refer to Table 2) from 1950 to 1980 as the
KS statistics are at or below the 5% of 0.18, and as revealed by the
low MSEs (0.03 and 0.08) and Zipf plots (Fig. 2(a)–(c)). During the
first four decades of the sample period (1950s–1980s), India waslargely an agrarian economywithmore than 80% of the population
living in the rural area (TheWorld Bank, 2014). With dismal indus-
trial development in these periods due to the license Raj economy,
there was no economic incentive for the rural mass to migrate to
urban areas because of the failure of the manufacturing sector to
294 J. Luckstead, S. Devadoss / Economics Letters 124 (2014) 290–295(a) 1950. (b) 1960.
(c) 1970. (d) 1980.
(e) 1990. (f) 2000.
(g) 2010.
Fig. 2. Indian population distributions.generate employment opportunities. Consequently, mobility from
villages to cities was limited (Binswanger-Mkhize, 2012). How-
ever, unlike China, India is a democratic country and no legisla-
tive policy prevented migration to urban areas, as evident from
percentage of urban dwellers showed a modest increase from 19%to 24% from 1960s to 1980s (The World Bank, 2014). As a result,
city size distribution, stemming fromnaturalmigration, slowly and
steadily approached Zipf from 1950s to 1990s. This convergence is
borne out by the coefficient estimates of Pareto (αˆP ) and General
Pareto (φˆ), both of which approach to one from the 1950s (refer
J. Luckstead, S. Devadoss / Economics Letters 124 (2014) 290–295 295to Table 2). These results are corroborated by the calculated val-
ues of the LM statistics which steadily decrease from 152.95 in
1950 to 18.84 in 1990. The KS statistics gradually decrease for the
Pareto distribution and are less than the critical value for general
Pareto (except for 1990). This result is also supported by theMSEs
which tend toward zero for these two distributions. The Zipf plots
(Fig. 2(a) through (e)) for the period 1950–1990 also exhibit this
trend.
The lognormal does not fit the city size distribution for
1990–2010. The KS statistics are greater than the 5% critical value
and the MSEs are also larger (Table 2). The Pareto and general
Pareto fit the data well, as determined by the KS statistics, which
are below the 5% critical value for the last two decades, and also
supported by the MSEs being closer to zero. The parameter esti-
mates of Pareto and general Pareto distribution are closer to one.
Also observe that general Pareto is flexible and mimics lognormal
in the earlier periods and nests Pareto in the later period, and it
consistently does better than lognormal or Pareto.
It is worth observing that the city sizes are Zipf for India in 2000
and 2010, as shown by the LM test, which fails to reject the null
hypothesis at the 5% significant level of 4.49. Fig. 2(f) and (g) also
illustrate this result. Gangopadhyay and Basu (2009) also find Zipf
for Indian cities based on the KS test, but not the LM test which is
more rigorous.
India began its economic reforms in the early 1990s which
spurred economic growth, particularly in the industrial sector
(Panagariya and Rajan, 2004). With this economic development,
demand for workers in urban areas increased, which was accom-
panied by steady and slow migration from rural to urban areas.
Consequently, city population experienced a more natural growth
process, which resulted in the size distribution becoming Zipf.
4. Conclusion
This study shows that the largest cities in the two most
populous countries in the world have similar trends: city size
distribution is lognormal in the early periods and Pareto in 2010.
However, as indicated by the Lagrange multiplier test, the city size
distribution becomes the well-known Zipf for India for 2000 and
2010, but not for China. These results are consistentwith the cross-
country findings of Soo (2007), who reject Zipf for 30 of the 73
countries analyzed using theHill (maximum likelihood) estimator.Acknowledgment
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